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Abstract

Motivated by Miguel and Serodio’s work [13] on the structure of quaternion rings over finite
field, we studied some special elements of split octonion algebra over finite field, more precisely
nilpotent and idempotent elements of split octonion algebra. For these special elements we
gave some theorems and conditions which they should satisfy. Moreover, in this algebra we
investigated the involutory elements and their properties.
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1 Introduction

In this study, we examine idempotent and nilpotent elements in split octonion algebra. It is well-
known that the idempotent and nilpotent elements are zero divisors. They are studied to find and
give conditions for idempotent and nilpotent elements in degenerate quaternion algebras. In [15],
the authors studied zero divisors especially idempotent and nilpotent elements of biquaternions.
For the idempotent and nilpotent elements in split quaternion algebras over finite fields see [2,3,10].
In addition, the authors gave a survey about these special elements and they calculated the numbers
of the elements in [13].

The pursue of characteristic features of idempotent and nilpotent elements can help coding
theory, video processing, digital design, etc. (See [7,12,14,17,17]). In addition to idempotent and
nilpotent elements, we introduce involutory elements which we have been inspired by involutory
matrix [11]. Cryptography is one of the application areas of the involutory matrices [1].

The octonion algebra which is generalization of the quaternion algebra was defined by J. T.
Graves in 1843 [4]. It is known that there are different constructions for octonion algebra. One of
them is by using Cayley-Dickson process [9]. Cayley-Dickson process can be also used to obtain
different algebras with isotropic or anisotropic norms which cause algebras to be split or real,
respectively. Norm is isotropic if there exists a nonzero x with N(x) = 0 else it is named as
anisotropic norm [4, 16].

Any element k of the octonion algebra is

k = apgeg + a1e1 + - - -+ arer; ag,aq,...,a7 € R.
Conjugate and norm of the element k are
E:aoeo —ajey — - —arey

and 7 7
N(k) = kk = kk = a3 +a} + - + a3
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respectively.

After a brief summary of the octonion algebra, let us give some properties of split octonion algebras.
In 1845, J. Cockle defined of the split quaternion algebra [6]. Then, his definition is used for
different dimensional algebras. There are some important theorems in [16] about split algebras, one
of them state In each of the dimensions 2, 4 and 8 there is, up to isomorphism, exactly one split
composition algebra. Another important remark states that if the mentioned algebras defined over
finite fields, then those algebras are split. Which means these algebras have non-trivial idempotent
and nilpotent elements. In order to have better understanding of split octonion algebra and their
subalgebras see [5]. In the first paper, the authors mentions null space which contains multiples of
idempotent and nilpotent elements. The second paper is also mentions idempotent and nilpotent
elements but on finite field F,» where p is a prime.

In the next section, we investigate split octonion algebra over finite fields which generalizes split
quaternion algebra H/Zp and established conditions for idempotent and nilpotent elements. Also,
we define involutory elements and give some properties of them.

2 Split octonion algebra and its zero divisors

As it is well-known, in any ring H, when x? = 2 with € H the element z is called as idempotent
element. We know that the rings can be also characterized by idempotent element, for example
a ring whose elements are all idempotent is called as Boolean ring which is also known as the
idempotent ring.

Now, let us give the definition of split octonion algebra (D)/Zp

7
@/Zp = {z]z = Zaiei;ai €Z,, p isaprime, p # 2}
i=0

where e;’s are basis elements of the octonion algebra Q.
Note that, due to the properties of octonions, split algebra @/Zp is neither commutative nor
associative eight-dimensional algebra over Z,. Moreover, this algebra has zero divisors, nontrivial

idempotent and nilpotent elements [16].

In the following theorem, we give some conditions for idempotent elements in @/Zp.

Theorem 2.1. For the split algebra (O)/Zp7 following statements are true.

i) When the elements of (O)/Zp consist of only scalar part x = agey then the idempotent elements
of O/Z, are only 0 and 1.

ii) When the elements of O/ Zp consist of scalar part and one imaginary unit such as x = agep +aje;
with j =1,2,...,7 then the idempotent elements of (O)/Zp satisfy following equation

p+1 p?—1
T = 5 + 1 €.
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iii) When the elements of Q/Z_ counsist of scalar part and a set of imaginary units such as x =
ageo +V, V ={a;e; | 1 <i <3} then the idempotent elements of (O)/Zp satisfy following equation

p+1 p?—1

4

ap = and N(V) =

iv) When the elements of (O)/Zp contain all of the basis units such as * = ageg + a1e1 + - - - + azer
then the idempotent elements of (O)/Zp satisfy following equations

1 21
ap = P and N(aje; +ages + -+ arer) = P T
Proof. 1) Since z = agpeg and (x,p) = 1 the claim is true.
ii) From the definition of idempotent element we can write
(ao + ajej)(ap + aje;) = at — a? + 2apaje; (2.1)
ap = a2 — a?, (2.2)
a; = 2apa;. (2.3)
By using equation (2.3), one can obtain a; = 0 or ap = %. When a; = 0, the idempotent element
x is equal to 1 or 0. If a; # 0, then a; is calculated as follows.
a _ptl aulldp—~_1 _ (pd 2—a2
T2 2\ 2 3
p’—1
a; = .
/ 4
Hence, we showed the idempotent elements must satisfy a; = p24_ L Now, in order to determine
when paT_l is quadratic, we employ the Legendre Symbol

EELN g1 et ei [ 1, ifp=1 (mod 4)
(2)‘( ) R R Rt (R et PCD

So, if p=1 (mod 4), then there are idempotent elements having the form ageq + aje;.

ili) The basis elements {e1,e2,e3} of V' can be replaced with the triples {ej,eq,e5}, {e1,e7,e6},
{ea,e4,e6}, {€2,e5,e7}, {es,eq,e7} and {es,eq,e5}. All these triples form subalgebras of the oc-
tonion algebra with {eg}. These triples are isomorphic to each other and can be obtained by
multiplication table or Fano plane (see [4,8]). Similar to the prior part of the prove we can write
following equations

(ao + V)(ao + V) = a2 — Nr(V) + 2a,V, (2.5)

ap = ai — Nr(V) (2.6)
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and
a; = 2(100,1', 1 S ) S 3. (27)
In the equation (2.7), if we take a; = 0, then x = ag, else ap = %. Next, substituting ag = %

in the equation (2.6), we obtain following equation.

Thus, the scalar and vectorial parts of idempotent elements are

_pt1

ag B

and
pP-1

2, 2., 2 _
ay +az +az = 1

respectively.

iv) If we consider W as {aie1 + azsez + ... + azer} and use the definition of idempotent element,

then we obtain
agp = ai — N(W), (2.8)

a; = QCL()CLi, 1 < 7 < 7. (29)

For 1 <i <7, a; # 0, the equation (2.9) means ag = p%l Thus, N(W) is calculated as follows.

Q.E.D.

Corollary 2.2. If 2 has no scalar part, then z is not an idempotent element of the Q/ L,

Proof. Let  has at least one imaginary part and no scalar part. Then we calculate 2. Because of
the property of multiplication in @/ Zp the result has to have a scalar part. From the hypothesis, «
has no scalar part, any element without scalar part can not be idempotent element of Q/ Zp. Q.E.D.

In the forthcoming theorems, we focus on the nilpotent elements of O/ Z,. First, let us recall

the definition of the nilpotent element. For y € H, if y* = 0, k € N, then the element y is called
as a nilpotent element of H.

Now, we give a lemma to investigate property of the nilpotent elements in (O)/Zp.

Lemma 2.3. Let y be a nilpotent element of (O)/Zp. The norm of y equals to zero.
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Proof. Let y be any nilpotent element of the O/ Z,, with y*¥ = 0. From the properties of the octonion
algebra O/Z,, we have

y* +N(y) — 2boy =0,
y" (y — 2b0)* = (~N(y))",
0= (~N(y))",
Thus, the norm of y is equal to zero as desired.
Q.E.D.
In the theorem 2, we introduce an additional attribute for the nilpotent elements.

Theorem 2.4. Let y be a nilpotent element of (D)/Zp. Then y has no scalar part.

Proof. From Lemma 1, we conclude that N(y) = 0, using the definition of nilpotent element and
for least positive integer k which satisfies y* = 0 we calculate the following equations.

y® — 2oy = 0,
(y2)(k+1)/2 — (2b0)(k+1)/2y(’9+1)/2’

and
2b0(/€+1)/2y(k‘+1)/2 — O,

where k is odd. Analogously, for all even positive integers k, we get
y2 - 2b0y = Oa
y* = 26"y gk — o,

and
Qbo(k/2)y(k/2) =0, by=0.

Q.E.D.

Also, we can investigate general structure of the split octonion algebra (O)/Zp by introducing a
new element and its properties. In order to accomplish this goal, we define the involutory element
using the definition of involutory matrix [11].

In any ring H when z? = 1y, the element z is called as an involutory element of H, where
1y is identity element.

In the following theorem, we investigate the involutory elements of Q/ v/



84 S. Halici, A. Karatag

Theorem 2.5. For z € (D)/Zp, z = cpeg + ZZ:1 c;e;, the following statements are satisfied.
i) The involutory elements which contain only scalar part such as z = cgep are only 1 and p — 1.

i) The involutory elements having the form z = cje; where j = 1,2,...,7, satisfy the follow-
ing equality.

c;j=+/p—L
iii) The involutory elements having the form z = {¢1e; + coes + czes}, have a norm which equals
top—1.

iv) For the involutory elements such as z = {c¢1e1 + ce2es + ... + ¢rer}, the norm must satisfy
following equation
N(z)=p-1.

Proof. 1) Since Z, is a field, the involutory elements are only 1 and p — 1.

ii) Using the definition of involutory element, we get

—2=1 (2.10)

From the equation (2.10), one can conclude that c? = p — 1. Note that, if ¢; not to be a square,
then by using the equation (2.4) one can see that there are no involutory elements in the O/ Zp
having the form cje;, if p =3 (mod 4).

iii) We take z as z = {c1e1 + caea + c3e3} and from the definition of involutory element we obtain
that N(z) = —1. Thus, the involutory elements which have the form z = {¢1e1 + caea + czes} satisfy
following equation;

cf—i—cg—l—cg:p—l.

iv) Analogously to the former proof, if we choose z as z = {cie; + caes + ... + c7er }, then we find
that N(z) = —1. Hence, components of the involutory elements satisfy following equation

612+622+...+C72:p71.

Q.E.D.
Next corollaries are given without proofs.
Corollary 2.6. The involutory elements in Q/ Z,, contain only one part, scalar or vectorial.
Corollary 2.7. An element is its own inverse if and only if it is involutory element in the O/ L,

Corollary 2.8. z is an involutory element in the (O)/Zp if and only if z satisfies the equation
(14+2)(1—-2)=0.
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3

Conclusion

In this study, we focus on the special elements of split octonion algebra over finite fields. We
especially pay attention to some zero divisors of the algebra which are idempotent and nilpotent
elements. Also, we define the involutory elements taking inspiration from involutory matrices. In
a further study, one can calculate numbers of these elements in the O/Z,.
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